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07 i) Aclolition "+ u+ve V. Yuel.vel.
un Scolow mltiplicstion - au 6V, Va 6, ne\ -

V i colleel o Loy space over R the & omioms holel (u,V, w &V, K. PER) -
. UtV =V+U
2. U+ (VW) = (V) tw = st VR
> [hve wxctt o dement 0 b uto=Uu.
. U= (1)U » Sb- Ut (u)=0
C Antv) = Xu+ RV
b- (R tPOuU = Xu+ Pu

T *(pu) = ARIU
&. lu=u.

’ M‘demn (Czpolce,

Euncliclessn space. 15 o Liveow cpece | vinen eguipped  Labh odolitivn omol Scolow ~vector prooluct
ef. R" is collech n-climecsinol Eunclivleom cpoce .

Polynoriol Spoc

Set wf PabanoMmk nitin o[a({zme, no woye hon k 18 o Liveow cpoce



[ Swéépom

Dof. Suppose VU 15 o dieor spoce . (We coy W is o subspoce of VI o Condditions habl:
. W 3 o gubset of V
2. W ig o Liveow S0’
L wipds: A subspoce of ) is 0 Subset Bot 1S Tself o Lineow spoce

Pm)perbg: A subspPoce W must contoin, the 2ero elament - 0 e

AL, Lineow czmoﬁﬂf:@v\o&%ca
© Linesr D@pwm onfh. olnofbpeméevm

Def - Suppose. ) ie o Liveow spoce over R wi,va .- Uk el

We SOy Wi, v, - A OWE

! uﬁw_&g dipondns: if
EL b b (Lo, o0k 0,0, -+ ,0) omdl G+ Crtfa -t CeUhe 20
zw‘mdmmff
Vet~ 6l sh. (G0, () F10.0.-7,0) vl Cw « Cathar 3 ke 20 .
?Jﬂ doyb , ot ke~ -+ Celhin= 0 aml.lﬂ M)Pe,pt_g wihrenn O =Ce=---= Ce =0

' Checling Lineow  Inolepenclence
Y the space & [, then just neesk to Sobe o lineow System !
2 thegpoce 15 not K. need extre todls . (ot ditouss heve) .
] C‘f@@me;bwa

In Hihe Ptcme ‘f

SU

=3
5 V

>

u b Lineorly depenclnt U &V Jimeovly indleparclents

In o 3D S POICR - =
¢ pPlone 5 ™ Wt“”f“l"m
AN T el T T
<, \T{,} F t\J1 JL;EZ L
Lineoy oepeydorts Jechkoys, Mieowr Motépc'.mofevdi eChars

X-ﬂ. Nwﬂ %Do:ce,

‘ Humogewwws UAE&W ggsﬁem

Vef . A homoganesns bineor System s
Ax =0
wineve A e R ove Jiven ond xR % Hle Voview|e .



Thoarbn|
The Solution et a’«F 0. homogeneovs Aireor cystem Ax=0 is o bveow spoce lolso o subspoce of R”).

Def. The soludion seb of Ax=0 is celleol the il Spoe. of A. clengieo os NIA).
)(7-\/- §Pom
‘Two w&gs bv  (Gevercte ‘%M&Pms

[ Solutvn ceb of Liveer efpusbion +  Jeding intevsection
=> null %,Dm

z LMED«V Cavnkivedtion => Spon

" Spen
D@f QMPP%Q V iz o brieow spoce , U= M , We , =, up] S o Sub%et g{? V.
The spon of & is olefineol 08
o sPon (W = | Oy 4 Oudart -4 Oulhe| 01, O, ==, Die GR. (.
In vards : e spon of eumanite of o Lieor spoce B Hhe set of oll lineor Compinotibons.

foct. T spon o ony finite subsct of U 75 o subspoce of V)

€k K& 04 ¢ QPDMWM(? sel .
The set R, G .30 gpons the entive cilor spoce -

"Cpon of Unb Vectwrs
Dé’/f Cahgrow Tno Poi‘n‘b e = (9,1), er=(1,9 on ‘l’Sl/W/PM
SPpm 00,0008 = R
Conglcleyr n vectors e..ez,-~, en ove Jmearbj molepenclent.
Then <pon fer, e, -, en] = R" .

' épanwnc? Set

Def. Guppse V & o lineor space . U= Juy  un, ~ UeS 5 o subseh ot V.
) cpoulw) =V, then we Sy u is o epeaming seb of V. or u spans V.

eg. 18,0, ~.enf 5 Q sponning St of R
XV. Solving Ax=b
Colwwm Spoce
De,f %,Waﬁe, A= [0.,05,-,00) 6 R s o matrix .
The spon (36,.02, —.0u}) [S colledd the Colymn spoce o A. olenoteol 03 ).

Laweyds . A's column poce B bhe Spon of A's colwmn vectors.

£Govebibity » Ax=b hos o olubion iff be CA)-




" Soluwtion Setr of Ax =4

fof gwppa% V is 0 Dineor Spoce or omy) element vV, ond o susgooe, U, oﬂaﬁm
v+l € [v+u|uel]

Bbpt?ﬁf‘b?m '
The solutbn St of o bineor system Ax=b s
53 erthey U) on empty Seb

or O Xp* M(B). where Xpis ony Soluctio of Ax=b.
XL Bosis
" Reoumnolomeyy of Seb
Theovem : Depenolent Set > Reolandont stictly Mclmolec]

Ovppose. M= i o, -, U] 8 Liveor olkpendent . then 3IH G M s gpom M) = Spem (H).
n voords, it con be veduced without chonging ite gpon .

By cattrost , if M iz moependent, then thpres no seb R G M s gpom (M) > Spon U) .
In wovels | rewoving omy elewent Chomcgeé the spen

'!%r:wis

D@f ghp}»}e. / is e Liveow cpoce ovev R : U = 5(4,, Ur . -, Uk € V.
Wé’,.goxy u i3 6 bogis 170;
b?l- u s Lveorly Iha(q)e,mdwt |
2. spon (W =V -
In poypds , 6 besis rf’ V (s A“newbb Fydepwdfmt 2 s,oonmi‘ng set vf V.
A bosis rf,f V s 0 minimol 9/>0wmhcg. set of V/ in e sense thot we com't fbwth@r
Shrink the et while being o0 spomning et gf V.

[ Di‘mwéf DN

TMWM : I}OLG@& nove Some size
lF iM:;VlL,‘“,UM] D’(m SV"JVZ;"';VIH} e 1“7%% Jfol u&byle&)/ QPOLC,@ V.."’ W yn =n .

D@f . %?pﬁfo V is o dineow gmce,
20 V hos o bosiz w with n elements , then we soy the dmensim of V isn
Denoted 04 him V) =n. or UV iz n-ohmensionci .

" Ruick woy bty check L0545

?Wpo%on :
Consiotey o bireor spoce \/ with olive (V) = n.

¢ dacleperdence
4 Jector n 24 ( => &7&3

Soon




' Lnvertibility Conolibions

O Theorem - Egivoletts Cordlitions  for Lowartisility
et A6 R . The Ploving stotements ome equivolent .
). A s werible .

2. The diveorr system Ax=9 s & wnighe Solution Xx=0.-
> Ais & proddiach of elemwentony, wobrices

Y. A s n Piyots

S The columms a'f A ore ,&%w,fbfy f“’mdqmdw#

b. The columns oA A spon K

7. The coluwnng djf A forrm o boSIS

8. oim (CCM)=n, romk (R)=n

7. Ax=b6 is Sovoble for omy b

XVIL. Romk
* Row Qoa«oe_
o
M Cowlder o pmptvix  A=| 0w | 2"
LG J

spom L0, Buy, . Ooml) € R is colled the vows cpoce of A. devoted cs Row (A)

A row spoce & the Spon of As vow vectors - Row (A) 2 CAY)
"Komk

Def. Rovy-rowk of A is defineck 04 oim (Row(A) , olenoted o5 vatA).
Colbunn -vomk of A is defined o< dim LCA) . olenoted oL re(fp)

Thearem:. Row~ romk., cobvmn-vomk. omol rowmk of o mobrix pre, the- come.
O Vel = relR) = youk(A) .
& olim (Povs ()= elimn(CLA)) .

Def. The vonk I o metrix A iz wlh), which iz oleo ve(A) , olenobed o yomk (A) -
For A er™, yomk (A) €mimimn.

" Lok omdd “Fhobs

Theovern: Cuppose M is o RREF .
Then rpu= veiin) = Mamber 3 pivits = rowk (A) -

Pl Ronk Mobrix

Del. et AGR™"
1f rowle (/3) 2\, ten we 5&? A hos {-’wn v somi
2f rowk(8)=n, then e soy A 1s frll golwmn romk.

1 comde ()= min i i e 50y A s Sl rom



" Rombe omol Solutions

Def. Corgicler 0. mobrin Ae™" .
[ 275 romk. (@)= [ full colwmn romk) . iren for oy 5 Rx> b 1nas 0D most one Solumtbion .
(# of soluttons must be O orl . elimmore Possibility o ©9) -
This meoms - Mo free columns in REEF => Mo free vowipbles
2. 1IF yomk (A) = wm iﬁ,vﬂ_mﬁm%)m; then Ax=E hae 0 (et one Solubivn

(H Solpbions Mt ls@n*l oy %, YUwisgbe ,PJQSFHM? ﬁf J) -
This meons - Mo 2ewo rows”™ in RREF.

XVIL. Or‘bhogamh‘by

Lef Jwo vedtors y. v 6 R ove ov-hoponol T u-v=0. Denobe LV

L
AP’LUL cos = L\ = D
(CRIVA

e S0l aw n6le" i3 O}"bhogi}ﬂ&( bo O subspole Ve if uiv, VeV, Denote ullV.
We goy two subspoces V.V €R” orve orthogonail if ulv. Juel. vel. Denste VLV
" Ortluoponol Complament

D@'f For ony cubspoce |/SR" |, the seb Jf’ Veetors thot owe orthogonol to V
fuelluly, vvel)

S collect Hhe orthopopol comploent of V. denoted os U= V™

e e

Rewonte: A Swespoce V hew o %Wﬂnogﬂmt complewment

(heovem . Dinanstin Jf V prep.
Sorp/,?a% S iz oo SnbSpoice a-f R.. Thun te ’ﬂ?“ﬂwwg bholdd
i) S ¢ o subgpdoce
i) dfu LS) + dgmlsS™) =n
jii) Zf Wta, - wd g 0 desis o S, owdd juem, e Un| iS o Losi JfST , then
TUi s wree Un, Ui, =, Und TS O Losls of R

X1IX. Four Funclomentol Cubspoces
Left Nudl Spowce

D‘E’/f [ he left wull spoce p’f o motvix A is defined 0w M(AT).

' F’Wwfﬁm eatol T heorem

Theorum: Suppose /A 6R™ . Then:
[N = Row (R), dimVU)) = n- vonk (R)
2 M) = d” , (WA )) = m-yomk (A) -



XX. leost gcgmye.
" Lineow Regye.s.si‘m

MTMFVWFZOWMOM ?VDHEM

Methool . Molke ewvor os Smoll cs possible
Findl X sb. WAx=8l is the Smollest omong ol
More preessely, , finol X sb. JIAx"-8ll € [l Ax-bIl , ¥x .

" Leest ggums

D@f Given A GRmm, bESRMI ., the M)mbwﬁ IS
A wia I Ax -6l
XER.
Y 15 o solubion of He Problep Ff
(lAy -5 < Il@x-bl] . ¥x
Aud. v is colled tre vepression Leitor
The netimd b f’moﬁ Y colleot \@@V m%mﬁag_

i i
§HPP~99€ Du,, -, Cuy OWT pownsS Jf /Q.
“A?‘ _t'?“l: (,al:}x"bi)l-{' Rt g ‘a[_r” )Q"‘L!?m)L

[ ga(,uing LS is Fndm Q @/pjeé/ﬁm
Lewumor: Orthogonal Projection

QMQDDSE Sis o Subspoc. D]P R™. guppaﬂf. Pés , tlhen
ollb-pll =he-21l , ¥268 & bp LS

J}f. Suppose. S is a subspoice of R
Sup,pos& peS omd b-pLS | then W@QO&P IS Wwe,ﬂ;ﬁffﬂ m#_v_i.

' }Zv"‘n olin 1% ?que,o-bi‘o n s Sely ;y‘g E%m-b“g n

Leswmon -
Suppose S=ClA) is the columun spoce I wobvix A
Then - b-Ay LCR) &> Ry =R"L

[beoreu - LS soledion omol. novmel eguotion
Civen Ae ™ e R™ . The fauowing stotements ove eguivolent :
A [ g Tf‘.% O Stjbdjmfl d'*f WPWJ;QM ;v:;?m (LAx =&l .
2. Ry = R'b

" Avolyzing  Mormol Eguotion

Pwposiﬁom (Existence) :
[he Liveow gggwm /JLT/&g = R'L hes ot lepst ove Solution .

CWDUIWV%(,CMVMWFZBFEEQH)
Suppese N s liveonly nolependlent columms  Lie. hoe full column rovdk)
then A'A & invertitle Solwbion of the leost squove problesmn mia Uks-bil 1S Y= (KA)TRTH -

4 &Q’ﬂ‘ )



AXL. Orthonormol E;opsfg
© Orthonormol Set of Vectors

D@f Let v, v, -, l/&:i be o set fo nonzevo Vectors in R™. 2f cvi,uj> =0 ﬁrwg, 2 ¥ | . then
this seb is called omn v blaggonol Seds .

An orthonormal _Set. Sv, ,vo,—-, U § is on orthogonol set of wiib-norm vectors .
i:e‘ ”UJH :‘l ]ED}" OLZ[ L:) L1721,

‘Pmpo};‘:ﬁon : .ZF Sz TV; Moy, Wa; 15 O av-l:shngwaf St , then Vi, -, Vk o ,(meow[g, ﬁ/mﬂepemcpwf, :

| Oktho&onormoul B&ﬁ? S

Def. Asev of vectors S= fu,~,uf is colledd on pthegmprmol basis of odineor space V if

. S is on orthonormal set.
2. Vector in & form o bosis of |/

* Orblio gma( Mobix

rixin

Lef An orthoponol wiotyix & &R
ovblonormod kesis iin R

A wotix ® 6 R™ j& on orthogonol motix iff Q& = Ln

IS o veeq S%.M&Ve, pCab vix W]/La% co[wmms fprm oY

Corollowy:
If & 6P is orthopmol thon Q=@
?W/JBV‘EFE/S!

/- C&xf@.3> = <X, Y2
2.l &xI1] = Uxi .

' Peprecentovion Elements [ing Emsis

/Pmﬁﬁfm (,Uﬂfgwb Repf@%eﬂ'bﬂtf oNn yvio Bo._s; _9)
Leb u = §u, —, un] be p bagis of O lineow Spece V-
Ang element vel/ W&WHW 0S 0 [inear Combivotion o“f Ui .

Pepresentotion: v=0.u+ -+ Onlin

Theorewm : Pepresentetion vin Ovthonormol [Bosis
(et U= fu, - ) be on orthorormel bosis of 2.

Any vecbor veR" con be vepresented as o limeor Combingtion

wo o oLoou
S V= SUin'y 2 > Qo
= =

e-§ iu,: [fg] U [U 7% L?)I % on orthonemod kogis of 2>

fFor ony = Cﬁ:‘g:ZJT: one hok

Vw2 + dv. U2 U2 t <y, U 2Uy
| rx 0 p
(3)+[3)+ [5)

3 (x}Y,2) |



' ?rqj@&h“m

D@f? @Was@ S 15 C 9%9;)-‘:&0@ of R J—
Suppose peS ool bp LS, then we say p is the projection of b orn S. / f /
W

cpn

/fyyﬂPOQﬁOH:
For ony subspace W CR", ony vector vek', there IS o pmigue Vecbor pelW sb. W-pIL .

T heovewt - Frajeckion when Orho- Bosis Exists
let W be on subspoce of R omol suppose S= Jw., -~ we) is on orbhoperwol Losis of W.
The projection of v onto W con Le represented oS

k
D P: Z(WLV:’W.& _
J=|

" Criom - Schmiolt Prvcess

Def. Suppose V= Tur,- ) is o Sob of lineowly, indeponclont elements
lnPWfi V- 5”!!”* Uy §
fFor V=1, k
o §if
p =0
Else 1
s S <UD > Phjspani, iy ()

% W = _w;Pi-j - O T Ui - .)J--
dipag & P |

Retvwn V= 5v., M

Froposition
The set /= (Vi = Vi [ retwmed by e Grom- Scmidt proaess 15 am orthonarmol tosis of gpan (V)

XXIL . Determinont



